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We show that a simple experimental setting of a locally pumped and lossy array of two-level
quantum systems can stabilize states with strong long-range coherence. Indeed, by explicit analytic
construction, we show there is an extensive set of steady-state density operators, from minimally
to maximally entangled, despite this being an interacting open many-body problem. Such nonequi-
librium steady states arise from a hidden symmetry that stabilizes Bell pairs over arbitrarily long
distances, with unique experimental signatures. We demonstrate a protocol by which one can selec-
tively prepare these states using dissipation. Our findings are accessible in present-day experiments.
Introduction.—Coupling a quantum system to an envi-
ronment typically results in a loss of coherence [1], which
is a major obstacle for quantum control and information
processing [2–4]. However, a growing number of stud-
ies have shown that a well-designed coupling can also
drive the system toward interesting and potentially use-
ful quantum states [5–7]. This is particularly promising
in light of parallel advances in experimental platforms
where one can engineer both the system Hamiltonian and
the coupling [8–12], offering novel out-of-equilibrium set-
tings where interactions and dissipation compete [13, 14].
A rare phenomenon occurs when such an open quan-
tum system has multiple stable states owing to a sym-
metry that gives a conserved quantum number [15, 16].
Then the dynamics decouple into independent sectors
[17], with the system retaining some memory of its ini-
tial state [18]. Further, one can show that information
encoded in the steady-state manifold would be preserved
unconditionally [19], and one could control transport by
switching between the symmetry sectors [20]. So far, this
kind of strong symmetry has only been found theoreti-
cally in symmetric networks [21, 22] and in boundary-
driven spin chains with nonstandard dissipation [17, 23],
without experimental realizations.
In this paper, we identify a prototypical setting of a
simple lattice model with a routine bulk dissipation that
possesses a surprising hidden symmetry, leading to multi-
ple steady states with long-range coherence. The steady
states can be selectively prepared and probed in exist-
ing experimental setups. To illustrate these findings, we
model hard-core bosons on a one-dimensional (1D) lat-
tice, which are equivalent to an array of qubits or an
(anisotropic) spin chain. Our conclusions extend more
generally to a broad class of models of this type.
We consider hard-core bosons on a lattice with particle
injection and loss at two sites. Such a local incoherent
pump was used recently to prepare a Mott insulator of
photons [24]. When the source and sink are at the bound-
ary, the system can be reduced to free fermions [25–27].
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However, for dissipation in the bulk, such a reduction is
not possible and the system is strongly interacting. We
focus on the special case where the pump and loss both
act on the center site. Beyond the obvious reflection par-
ity, we find a dynamical symmetry which can be roughly
interpreted as conserving a total “charge” of symmetri-
cally located particle-hole Bell pairs. Consequently, the
number of symmetry sectors grows linearly with the sys-
tem size L, yielding an extensive degeneracy. We pro-
vide an exact solution for the steady-state manifold and
show that it includes a maximally entangled sector with
(L − 1)/2 nonlocal Bell pairs. We demonstrate a proce-
dure for preparing the system in any given sector. Sub-
sequent dynamics within the sector converge to a unique
steady state, which can be discerned by measuring single-
particle correlations [28–30]. Additionally, in the limit of
zero pump (or loss) rate, the degeneracy is increased fur-
ther to accommodate a decoherence-free subspace, a key
ingredient for quantum computing [31].
Model.—We study hard-core bosons [32] hopping on a
1D lattice with an odd number of sites, L := 2l + 1 for
integer l, described by the Hamiltonian
Hˆ = −J
l−1∑
i=−l
(
bˆ†i bˆi+1 + bˆ
†
i+1bˆi
)
, (1)
where J is the hopping amplitude, and bˆ†i creates a boson
at site i. The hard-core condition is imposed by requiring
bˆ†2i = 0, which ensures there can be either 0 or 1 particle
at any given site. This regime corresponds to the large-
interaction limit of the Bose-Hubbard model [33], and has
been realized with atoms in optical lattices [34–36] and
with photons in nonlinear resonators [24]. The hard-core
constraint implies the commutation rules [bˆi, bˆj ] = 0 and
[bˆi, bˆ
†
j ] = (−1)nˆiδij , where nˆi := bˆ†i bˆi is the occupation at
site i [37]. Such a system is equivalent to a spin-1/2 XX
chain [32]. The Hamiltonian maps onto free fermions by
a Jordan-Wigner (JW) transformation [38],
fˆj = (−1)
∑
i<j nˆi bˆj ; bˆj = (−1)
∑
i<j nˆi fˆj , (2)
where fˆj are fermionic operators that satisfy anticommu-
tation, {fˆi, fˆj} = 0 and {fˆi, fˆ†j } = δij . Thus, fˆ†i fˆi = nˆi,
and Eq. (1) is restated as Hˆ = −J∑i (fˆ†i fˆi+1 + H.c.).
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2Next, we add dissipation by coupling the system to a
particle source at site p and a particle sink at site q. The
source has a finite bandwidth, such that if site p is already
occupied, further injection is suppressed by the large in-
teraction energy. Such local reservoirs can be engineered
via sideband transitions in superconducting circuits [24]
or using electron beams in optical lattices [33], with neg-
ligible residual dissipation at other sites. We also assume
the reservoirs are Markovian, as in a large class of these
experiments [39]. Then the system dynamics are gov-
erned by a master equation for the density operator ρˆ,
expressed in the well known Lindblad form [40–42]
dρˆ
dt
= Lρˆ := − i
~
[Hˆ, ρˆ] +
∑
α
LˆαρˆLˆ
†
α−
1
2
{Lˆ†αLˆα, ρˆ} , (3)
where we have two Lindblad operators, Lˆ1 :=
√
γ+ bˆ
†
p and
Lˆ2 :=
√
γ− bˆq, γ± being the pump and loss rates, respec-
tively. The Liouvillian L describes a completely positive
trace-preserving map on the set of operators.
If the pump and loss are at the ends of the chain (i.e.,
|p| = |q| = l) the problem reduces to a description in
which L is quadratic and can be solved in terms of free
fermions [25–27, 43]. If either pump or loss occurs in
the bulk, this can no longer be achieved. Then the Li-
ouvillian contains terms involving string operators of the
form (−1)NˆL , where NˆL is the number of particles to the
left of the dissipation site, which is not conserved by the
Hamiltonian. Consequently, L is not quadratic and the
system is genuinely interacting.
Here, we focus on these cases where pump or loss does
not occur at the boundary. For such interacting systems,
one expects that under generic conditions Eq. (3) has a
unique steady state [44–46]. We find this is indeed the
case when the pump and loss both act on a site other than
the center site. Then at late times the system converges
to a product state, ρˆ = ⊗i(γ˜+|1i〉〈1i|+ γ˜−|0i〉〈0i|), where
γ˜± := γ±/(γ+ + γ−) [47]. The situation is very different,
however, if the pump and loss are both at the center site,
unlocking multiple “strong” symmetries [17] and leading
to many striking effects.
Hidden Symmetry.— To understand the symmetries
that arise when both pump and loss occur at the center,
p = q = 0, consider first the reflection symmetry. Reflec-
tions are generated by an operator Rˆ that exchanges sites
i and −i for all i, such that Rˆ bˆiRˆ = bˆ−i. One can readily
show that Rˆ commutes with both the Hamiltonian and
the dissipators,
[Hˆ, Rˆ] = 0 and [Lˆα, Rˆ] = 0 ∀α , (4)
the latter arising since the dissipators involve only bˆ
(†)
0
and [bˆ
(†)
0 , Rˆ] = 0. Consequently, reflection Rˆ generates a
so-called “strong” symmetry [17] and leads to multiple
steady states. Here, the system evolves separately in its
even- and odd-parity sectors, giving rise to (at least) two
steady states associated with the two parities.
The dynamics are far more constrained, however, by
a hidden symmetry generated by another operator Cˆ2,
where
Cˆ := −1/2 +
l∑
k=−l
fˆ†k fˆ−k . (5)
From Eq. (2), every k 6= 0 term in Cˆ contains the factor
(−1)nˆ0 , and the remaining terms give nˆ0− 1/2 ∝ (−1)nˆ0 .
Thus, Cˆ ∝ (−1)nˆ0 and [bˆ(†)0 , Cˆ2] = 0, so Cˆ2 commutes
with the dissipators Lˆα. Further, as we show in the Sup-
plement, Cˆ commutes with Hˆ [48]. Therefore, Cˆ2 is a
Hermitian operator that generates a strong symmetry.
(In fact, one can show that Cˆ is the only quadratic form
in the JW fermions for which this is true [48].) Also, Cˆ is
symmetric under reflection about the center, and as we
note below, all of its eigenspaces have a definite parity.
In general, the eigenspaces of a strong symmetry gen-
erator, Sˆ, evolve independently, each having at least one
steady state [17]. This decoupling originates from conser-
vation laws. In particular, using 〈Sˆ〉 = Tr(ρˆSˆ) in Eq. (3),
one finds d〈Sˆ〉/dt = i〈[Hˆ, Sˆ]〉/~−∑α Re 〈Lˆ†α[Lˆα, Sˆ]〉 = 0,
i.e., 〈Sˆ〉 is conserved [16, 49]. Moreover, the projectors
onto each of the eigenspaces of Sˆ satisfy Eq. (4) individ-
ually and are conserved separately [15]. In other words,
the weight in each symmetry sector is preserved.
Here, there will appear multiple steady states associ-
ated with the different eigenspaces of Cˆ2. As we ex-
plain below, the eigenstates of Cˆ2 are composed of en-
tangled particle-hole pairs at sites k and −k, each car-
rying a quantum number taking values ±1 that we call
“charge.” The full spectrum comprises l+ 1 eigenvalues,
{(η + 1/2)2 : η = 0, . . . , l}, where η is a measure of the
total charge of all such pairs. Each of these eigenspaces
has a definite reflection parity and evolves independently.
The weight in each sector is conserved, and we find every
sector has a unique steady state for γ± 6= 0, leading to
an (l + 1)-fold degeneracy. This is in sharp contrast to
the noninteracting problem, where free bosons [50] or free
fermions are subject to pump or loss at the center. Then,
every odd single-particle wavefunction is unaffected by
dissipation so its occupation number is conserved, giving
rise to an exponentially large decoherence-free subspace
of degenerate steady states. Later we will use this feature
for preparing the symmetry sectors of Cˆ2.
Steady states.—We first characterize the eigenspaces of
Cˆ which is written as a sum of l + 1 commuting parts,
Cˆ0 := nˆ0 − 1/2 and Cˆk := fˆ†k fˆ−k + H.c. for k = 1, . . . , l.
The latter describes hopping of JW fermions between two
sites, and can be diagonalized as Cˆk =
∑
s=± s aˆ
†
k,saˆk,s,
where aˆk,± := (fˆk ± fˆ−k)/
√
2 are single-particle fermion
modes. Thus, Cˆk has eigenstates
∏
s=±
(
aˆ†k,s
)νk,s |0〉 with
eigenvalue νk,+−νk,−, where |0〉 is the vacuum and νk,±∈
{0, 1}. One can think of aˆ†k,± as creating a particle-hole
pair of “charge” ±1 at sites k and −k: (|01〉 ± |10〉)/√2.
The net charge is 0 for the states |00〉 and |11〉 [51]. It
3FIG. 1. (a) Schematic setup showing coherent tunneling J
and incoherent pump and loss γ± at the center. The system
has a strong dynamical symmetry that stabilizes long-range
entangled particle-hole pairs at reflection-symmetric sites. (b)
Single-particle density matrix 〈bˆ†i bˆj〉 in a maximally entangled
symmetry sector. The center has occupation γ+/(γ++ γ−).
(c) End-to-end correlation for different symmetry sectors η.
follows that the eigenstates of Cˆ are given by
|{νk,±}, n0〉 :=
(
fˆ†0
)n0 l∏
k=1
∏
s=±
(
aˆ†k,s
)νk,s |0〉 , (6)
with eigenvalue λ = ν + n0 − 1/2, where ν :=
∑
k νk,+−
νk,−. The integer ν measures the total charge of all Bell
pairs and varies from −l to l. Since n0 is either 0 or 1,
λ can assume 2(l + 1) distinct values, {±(η + 1/2) : η =
0, . . . , l} with degeneracies ( Ll−η).
The eigenstates in Eq. (6) share some general features
which will be inherited by the steady states. In partic-
ular, using 〈fˆ†k fˆ−k〉 = 〈Cˆk〉/2 and transforming back to
bosons, one finds they have an antidiagonal string order
with long-range coherences, |〈bˆ†k bˆ−k〉| = |νk,+− νk,−|/2,
as illustrated in Fig. 1(a). The sectors labeled by η = l
are nondegenerate and maximally entangled, containing
l Bell pairs of the same charge, with 〈bˆ†k bˆ−k〉 = (−1)k/2
[Fig. 1(b)]. It can also be shown that the reflection parity
is even if η is of the form 4m or 4m+3 for integer m, and
odd otherwise (see Supplement [48]). The same eigen-
states diagonalize Cˆ2 with eigenvalue λ2 = (η + 1/2)2,
generating l + 1 distinct symmetry sectors.
To find the steady states in each sector, we define Pˆη
as the projector onto the corresponding eigenspace, Nˆ as
the total particle number, and Pˆ ′η := (γ+/γ−)
Nˆ Pˆη. Note
that [Hˆ, Pˆ ′η] = 0 as Hˆ commutes with both Nˆ and Pˆη.
Further, since Cˆ2 does not act on the center site, one has
the form Pˆ ′η = Qˆη ⊗ (γ+|1〉〈1|+ γ−|0〉〈0|), where |0〉 and
|1〉 describe the center site and Qˆη acts on the remaining
sites. These two properties imply that ρˆη := Pˆ
′
η/Tr(Pˆ
′
η) is
a steady state of Eq. (3) with the dissipators
√
γ+ bˆ
†
0 and√
γ− bˆ0. Numerically, we find this is the only steady state
in each sector [52], up to the largest systems tractable by
exact diagonalization. Within the respective eigenspace,
ρˆη is equivalent to an infinite-temperature state with
chemical potential µ = ln(γ+/γ−). One can express a
general steady state as ρˆ∞ =
∑
η wηρˆη with
∑
ηwη = 1,
where wη ≥ 0 since ρˆ must be positive semidefinite. The
coefficients wη can be identified as the weights 〈Pˆη〉 in
different symmetry sectors, which are the constants of
motion. This gives a mapping from an initial state, char-
acterized by 〈Pˆη〉, to the final state [53],
ρˆ∞ =
l∑
η=0
〈Pˆη〉 (γ+/γ−)
Nˆ Pˆη
Tr
[
(γ+/γ−)Nˆ Pˆη
] . (7)
Note that ρˆ∞ is fully determined by 〈Pˆη〉 and the pump-
to-loss ratio, irrespective of the tunneling J .
Properties.—The steady states ρˆη have unique signa-
tures in the single-particle correlations 〈bˆ†k bˆ−k〉, which
can be measured experimentally [28–30]. In particular,
as we found before, the maximally entangled steady state
has long-range oscillations, 〈bˆ†k bˆ−k〉η=l = (−1)k/2 for all
γ± [see Fig. 1(b)]. Further, the end-to-end coherence
grows steadily with η, 〈bˆ†l bˆ−l〉 = (−1)η (η + 1/2)/L for
γ+ = γ−, with a weak dependence on γ+/γ−, as shown in
Fig. 1(c). Note the correlations are symmetric under the
exchange γ+ ↔ γ−. The site occupations are 〈nˆk〉 = 1/2
for γ+ = γ−, and grow monotonically with γ+/γ−, with
〈nˆk 6=0〉 = η/(2l) for γ+→ 0. We provide more detailed
expressions in the Supplement [48].
To quantify the degree of entanglement in the (mixed)
steady states, we compute the logarithmic negativity EN
which gives an upper bound on the number of distillable
Bell pairs between two halves of the system [54–56]. As
shown in Fig. 2, EN vanishes for η = 0 and rises to EN =
l for the maximally entangled sector. Other measures of
coherence [57] give similar results (see Supplement [48]).
Experimental preparation.—Preparing this system of
hard-core bosons in the different symmetry sectors re-
quires a controlled generation of entanglement. As we
now show, this can be done by dissipative means [58–61]
FIG. 2. Logarithmic negativity EN , measuring entanglement
between left and right halves, in steady states corresponding
to different symmetry sectors η for varying number of sites L.
4if one can engineer loss of the JW fermions from the cen-
ter. For bosonic systems, such a process necessitates the
application of a string operator, fˆ0 =
[
(−1)
∑
i<0 nˆi
]
bˆ0.
However, this can be realized efficiently in hardware, e.g.,
with superconducting qubits coupled to ancilla cavities,
as detailed in Refs. [62–64].
We target states in each sector that are solely made up
of negatively charged Bell pairs,
∏l
k=1
(
aˆ†k,−
)νk,− |0〉 with∑
k νk,−= η. Such states span the space of odd fermionic
wavefunctions with total occupation η, i.e., a total of η
JW fermions occupying odd single-particle modes, which
are linear combinations of {aˆ†k,−}. Recall that these
modes are stabilized if one only has loss of the (free)
JW fermions at the center. Now we show the same loss
can be used to prepare odd states with a given particle
number, Nodd. We start from a symmetric Fock state,
|{nk}〉 :=
∏l
k=1
(
bˆ†k bˆ
†
−k
)nk(bˆ†0)n0 |0〉. Transforming to the
JW fermions, one finds such a state has Nodd =
∑
k nk
(see Supplement [48]). Under JW fermion loss, only the
even modes are depleted, so with the odd ones preserved
the system will be driven to the sector with η =
∑
k nk.
Thus, one can selectively prepare all different sectors by
setting the initial occupations. In particular, a fully filled
lattice yields the maximally entangled state, η = l.
Simulations of this preparation scheme are shown in
Fig. 3. The oscillations result from breathing-type back-
and-forth motion of the Bell pairs under the Hamiltonian.
Once a given sector is prepared, one can switch from the
JW fermion loss to the boson pump and loss, converging
to the respective steady state ρˆη. Note the preparation
takes a few tens of tunneling time, much faster than the
on-site disorder and residual on-site dissipation in a re-
cent experiment [24]. We analyze these timescales further
in the Supplement [48].
No-pump (or no-loss) limit.—If one only has boson loss
FIG. 3. End-to-end correlation during a selective preparation
of different symmetry sectors for L = 7. The shaded re-
gion shows the generation of Bell pairs from symmetric Fock
states, bˆ†0
∏η
k=1 bˆ
†
k bˆ
†
−k|0〉, driven by the loss of JW fermions at
the center with rate γF = 3J/~. The white region shows sub-
sequent dynamics with boson pump and loss rates γ± = 2J/~.
at the center (γ+ = 0), all the odd JW fermionic modes,
with negatively charged Bell pairs, become immune to
dissipation. This is because they have no particle at the
center site, and are not coupled to the even modes by Hˆ.
Hence, any superposition of these modes evolves unitarily
under Hˆ, yielding a decoherence-free subspace [31]. The
same is also true for the loss of JW fermions at the center.
However, the full dynamics are very different for the two
cases [65]. For the boson loss, 〈Cˆ2〉 is conserved, not the
occupation of odd modes. Thus, an initially filled lattice
approaches the vacuum at long times, not the maximally
entangled state as in Fig. 3. With boson pump instead
of loss, the particle and hole states are interchanged, and
one again finds a decoherence-free subspace.
Robustness.—The observable Cˆ2 remains a generator
of strong symmetry for a large class of 1D systems. First,
it is unaffected by dephasing [66] or any other form of
dissipation at the center site. Second, as we show in the
Supplement [48], Cˆ commutes with any Hamiltonian that
is quadratic in the JW fermions and reflection symmet-
ric, [Hˆ, Rˆ] = 0. This includes symmetric potentials, e.g.,
a harmonic trap, anisotropic XY spin-1/2 chains [26], and
the transverse field Ising model which maps onto the Ki-
taev chain [67]. Third, although we have assumed open
boundary conditions in Eq. (1), the results are unchanged
for periodic boundary conditions (with odd number of
sites). Furthermore, since [Cˆ, nˆj + nˆ−j ] = 0 for all j, any
interactions or dissipation that depend only on such “pair
occupations” will again commute with Cˆ. The symmetry
is, however, broken for generic on-site dissipation away
from center, and for nearest-neighbor interactions of the
form Hˆint =
∑
j nˆj nˆj+1 (see Supplement [48]).
Conclusions.—We have identified a paradigmatic ex-
perimental setting of a qubit array with local dissipation
that exhibits a surprising hidden symmetry, leading to
stable long-range coherence and a host of other novel fea-
tures. The symmetry arises from a delicate interplay be-
tween interactions and dissipation, stabilizing entangled
particle-hole pairs over arbitrarily long distances. As a
result, the system has an extensive set of exactly solvable
steady states characterized by an antidiagonal string or-
der, varying from minimally to maximally entangled. We
have shown how one can selectively prepare these states
using dissipation, and discern them by correlation mea-
surements, which can be performed in present-day exper-
imental setups. The controllable generation and preser-
vation of long-range entanglement in an open platform
would be a valuable resource for quantum information
processing and metrology [19, 56, 57, 68, 69]. Our find-
ings of these special features in this simple paradigmatic
model strongly motivate experimental investigations of
symmetry in open quantum systems, shedding light on
the subtle relation between symmetry and conservation
laws in a non-unitary setting [15, 16].
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SI. CHARACTERIZATIONS OF THE HIDDEN SYMMETRY
In this section we derive the principal features of the hidden symmetry operator discussed in the main article.
As before, we consider hard-core bosons on a 1D lattice, equivalent to an array of qubits or a spin-1/2 XX chain,
described by the Hamiltonian
Hˆ = −J
l−1∑
i=−l
(
bˆ†i bˆi+1 + bˆ
†
i+1bˆi
)
, (S1)
where the boson operators satisfy [bˆi, bˆj ] = 0 and [bˆi, bˆ
†
j ] = (−1)nˆiδij , with occupation ni ∈ {0, 1}. The Hamiltonian
is mapped onto free fermions by the Jordan-Wigner (JW) transformation
fˆj = (−1)
∑
i<j nˆi bˆj ; bˆj = (−1)
∑
i<j nˆi fˆj , (S2)
where {fˆi, fˆj} = 0 and {fˆi, fˆ†j } = δij , yielding
Hˆ = −J
l−1∑
i=−l
(
fˆ†i fˆi+1 + fˆ
†
i+1fˆi
)
. (S3)
The hard-core bosons are subject to pump and loss at the center site with rates γ±, leading to non-unitary dynamics
modeled by two Lindblad operators L1 =
√
γ+ bˆ
†
0 and L2 =
√
γ− bˆ0, respectively. As described in the main text, the
system has multiple steady states with long-range coherence, which originate from a hidden symmetry. The symmetry
is a generated by a Hermitian operator Cˆ2, where
Cˆ := −1/2 +
l∑
k=−l
fˆ†k fˆ−k . (S4)
Below we characterize the salient properties of this operator that are relevant to understanding the long-time dynamics.
2A. Strong symmetry and uniqueness
The multiple steady states arise because Cˆ2 generates a strong symmetry, i.e., it commutes with both the Lindblad
operators Lˆ1,2 and the Hamiltonian Hˆ [S1]. The former condition is satisfied only if an operator does not affect the
center site, i.e., it is of the form Oˆ ⊗ 1ˆ, where the identity acts on the center and Oˆ is a function of {bˆj , bˆ†j : j 6= 0}.
This is true for Cˆ2 because Cˆ can be expressed, using Eq. (S2), as
Cˆ =
[
− 1
2
+
l∑
k=1
(
bˆ†k bˆ−k + bˆ
†
−k bˆk
) ∏
0<|i|<k
(−1)nˆi
]
⊗ (−1)nˆ0 . (S5)
In addition, Cˆ2 is a symmetry of the Hamiltonian as Cˆ itself commutes with Hˆ. This is not immediately apparent,
although note that Cˆ is a quadratic form in the fermion operators, and thus a natural candidate for symmetry of a
free-fermion Hamiltonian. Below we show that Cˆ is, in fact, the only quadratic form that commutes with Hˆ and has
the structure Cˆ = Oˆ ⊗ (−1)nˆ0. The same arguments can be used to show there is no such operator of the form Oˆ ⊗ 1ˆ,
which can generate a strong symmetry itself.
From Eq. (S2), the most general (Hermitian) quadratic form in {fˆj , fˆ†j } that is proportional to (−1)nˆ0 is given by
Aˆ = ζ (−1)nˆ0 +
∑
i,j>0
αi,j fˆ
†
i fˆ−j + βi,j fˆifˆ−j + H.c. , (S6)
where ζ, αi,j , and βi,j are arbitrary coefficients. To find [Hˆ, Aˆ], we use Eq. (S3) and the identities (−1)nˆ0 = 1− 2fˆ†0 fˆ0
and [ab, cd] = a{b, c}d+ ca{b, d} − {a, c}bd− c{a, d}b, yielding
J−1[Hˆ, Aˆ] =
∑
i>0
(
αi,1 + 2ζδi,1
)
fˆ†i fˆ0 −
(
α1,i + 2ζδi,1
)
fˆ†0 fˆ−i + βi,1fˆifˆ0 + β1,ifˆ0fˆ−i
+
∑
i,j>0
(
αi,j+1 + αi,j−1 − αi+1,j − αi−1,j
)
fˆ†i fˆ−j +
(
βi,j+1 + βi,j−1 + βi+1,j + βi−1,j
)
fˆifˆ−j −H.c. , (S7)
with the understanding that αi,j and βi,j vanish outside the range 0 < i, j ≤ l. For [Hˆ, Aˆ] = 0, all the coefficients in
Eq. (S7) must vanish, which implies αi,j = −2ζδi,j and βi,j = 0 ∀i, j. The operator Cˆ in Eq. (S5) corresponds to the
choice ζ = −1/2. Thus, it is the only operator of the form in Eq. (S6) that commutes with Hˆ.
B. Robustness
Here we show that Cˆ commutes with any reflection-symmetric Hamiltonian that is quadratic in the JW fermions.
Further, we show this no longer holds in the presence of generic nearest-neighbor interactions. While the former class
of Hamiltonians are generically nonlocal in the boson basis, they include symmetric potentials, anisotropic XY spin
chains, as well as the transverse field Ising model which transforms onto the Kitaev chain [S2].
First, we consider general quadratic Hamiltonians of the form
Hˆq =
∑
i,j
αi,j fˆ
†
i fˆj + βi,j fˆifˆj + H.c. , (S8)
where αi,j and βi,j are arbitrary coefficients. Such a Hamiltonian incorporates on-site potentials (for i = j), and all
possible tunneling and pairing of the JW fermions. To see which of these Hamiltonians are symmetric under reflection
about the center, we define a reflection operator Rˆ which gives RˆbˆiRˆ = bˆ−i ∀i, as in the main text. Using Eq. (S2),
one finds the fermion operators transform as
RˆfˆiRˆ = Pˆ fˆ−i , where Pˆ := (−1)Nˆ (S9)
is the total particle-number parity. It is also easy to show that {Pˆ , fˆ (†)i } = 0. Thus, the Hamiltonian transforms as
RˆHˆqRˆ =
∑
i,j
αi,j fˆ
†
−ifˆ−j − βi,j fˆ−ifˆ−j + H.c. . (S10)
3Comparing with Eq. (S8), we find reflection symmetry implies α−i,−j = αi,j and β−i,−j = −βi,j ∀i, j, which makes
intuitive sense. Now we show the same condition is derived by requiring [Hˆq, Cˆ] = 0. Using Eqs. (S4) and (S8) yields
[Hˆq, Cˆ] =
∑
i,j
(
αi,−j − α−i,j
)
fˆ†i fˆj +
(
βi,−j + β−i,j
)
fˆifˆj −H.c., (S11)
which vanishes if and only if αi,−j = α−i,j and βi,−j + β−i,j = 0 ∀i, j, i.e., Hˆq is reflection symmetric. This means
the strong symmetry generated by Cˆ2 is robust under any such reflection-symmetric Hamiltonian. Similarly, one can
show that [Cˆ, nˆj + nˆ−j ] = 0 ∀j, so the strong symmetry will survive interactions or dissipation which are functions of
nˆj + nˆ−j .
Next we show the strong symmetry is broken in the presence of generic nearest-neighbor interactions of the form
Hˆint =
∑
j αj nˆj nˆj+1, where αj are the interaction strengths. Using Eq. (S4), we find
[Hˆint, Cˆ] =
l∑
j=1
fˆ†j fˆ−j
[
αj−1 nˆj−1 − α−j nˆ1−j + (1− δj,l)
(
αj nˆj+1 − α−j−1 nˆ−j−1
)]−H.c. , (S12)
which vanishes only if α−1 = α0 and αj = 0 for all other j. Therefore, the only such Hamiltonian that com-
mutes with Cˆ is Hˆint = α0nˆ0(nˆ1 + nˆ−1), which is a special case of the symmetry-preserving interactions of the form
(nˆj + nˆ−j)(nˆj+1 + nˆ−j−1). Similarly, one can show the symmetry is broken for generic pump or loss at any site other
than the center site.
C. Eigenstates and string order
Here we review the eigenstates of Cˆ and calculate the associated single-particle correlations, which exhibit a long-
range string order. As described in the main text, Cˆ can be diagonalized as
Cˆ = nˆ0 − 1/2 +
l∑
k=1
∑
s=±
s aˆ†k,saˆk,s , (S13)
where the eigenmodes aˆk,± are given by
aˆk,± :=
1√
2
(fˆk ± fˆ−k), k = 1, . . . , l , (S14)
which satisfy fermionic anticommutation, {aˆk,s, aˆk′,s′} = 0 and {aˆk,s, aˆ†k′,s′} = δk,k′δs,s′ . One can interpret the eigen-
modes as describing entangled particle-hole pairs of “charge” ±1 at sites k and −k. The eigenstates of Cˆ are found
by filling up these modes with occupation 0 or 1, yielding
|{νk,±}, n0〉 :=
(
fˆ†0
)n0 l∏
k=1
∏
s=±
(
aˆ†k,s
)νk,s |0〉 , (S15)
with eigenvalue λ = ν +n0− 1/2, where ν :=
∑l
k=1(νk,+− νk,−) and νk,± ∈ {0, 1}. Note the eigenstates have definite
“pair occupations,” nk + n−k = νk,+ + νk,−. This is because Cˆ commutes with nˆk + nˆ−k. Hence, the single-particle
corrrelation 〈bˆ†i bˆj〉 is nonzero only if j = ±i. One can see that the average occupations are given by
〈bˆ†k bˆk〉 = 〈bˆ†−k bˆ−k〉 = (νk,+ + νk,−)/2 , (S16)
for k ≥ 1. To find the antidiagonal correlations, we use the JW transformation [Eq. (S2)] to write
〈bˆ†k bˆ−k〉 =
〈
fˆ†k fˆ−k (−1)
∑
|i|<k nˆi
〉
= (−1)n0+
∑k−1
i=1 (νi,++νi,−)
〈
fˆ†k fˆ−k
〉
. (S17)
Then using Eq. (S14) and the anticommutation of the eigenmodes yields
〈bˆ†k bˆ−k〉 =
1
2
(νk,+ − νk,−) (−1)n0+
∑k−1
i=1 (νi,++νi,−) . (S18)
Thus, we find a string order that depends on the number of particles between sites k and −k. In particular, for states
that are composed of l Bell pairs of the same charge, one finds 〈bˆ†k bˆ−k〉 = ±(−1)n0+k/2, where the + and − signs
correspond to negative and positive charges, respectively. These are the maximally entangled states.
4D. Reflection parity
Here we show the eigenstates of Cˆ in Eq. (S15) all have definite reflection parity that depends only on the eigenvalue
λ. First, we note that Cˆ commutes with the reflection operator Rˆ defined in Sec. SI B. This can be seen by using
the transformation in Eq. (S9) in the defining expression for Cˆ [Eq. (S4)], which gives RˆCˆRˆ = Cˆ. To find how the
eigenstates transform under Rˆ, we use Eqs. (S9) and (S14) to obtain
Rˆfˆ†0 Rˆ = fˆ
†
0 Pˆ and Rˆ aˆ
†
k,±Rˆ = ±aˆ†k,±Pˆ , (S19)
where Pˆ is the total particle-number parity. Using the above relations in Eq. (S15) and employing the anticommutation
between Pˆ and the fermion operators, one finds the state |{νk,±}, n0〉 is an eigenstate of Rˆ with eigenvalue
r = (−1)N−+N(N−1)/2 , (S20)
where N = n0 +
∑
k(νk,+ +νk,−) is the total particle number, and N− :=
∑
k νk,− is the number of negatively charged
Bell pairs. This expression can be simplified further to yield
r = (−1)b 12 (|λ|+ 12 )c , (S21)
where bxc is the floor function. Hence, the parity is set by the eigenvalues of Cˆ. As described in the main text, there
are 2(l + 1) distinct eigenvalues, λ ∈ {±(η + 1/2) : η = 0, . . . , l}. From Eq. (S21) it follows the reflection parity is
even (r = +1) if η is of the form 4m or 4m+ 3 for integer m, and odd otherwise.
SII. PROPERTIES OF STEADY STATES
In this section we derive analytic expressions for some key properties of the steady states, including single-particle
correlations which can be directly measured in experiments. We recall from the main article that the dynamics are
decoupled into the l+ 1 distinct eigenspaces of Cˆ2, labeled by η = 0, . . . , l, each having a unique steady state as long
as both pump and loss rates are nonzero, γ± 6= 0. The steady states are given by
ρˆη =
(γ+/γ−)Nˆ Pˆη
Tr
[
(γ+/γ−)Nˆ Pˆη
] , (S22)
where Pˆη is the projector onto the corresponding eigenspace, and Nˆ measures the total particle number. As Cˆ
2 does
not act on the center site, Pˆη has the form Pˆη = Qˆη ⊗ (|0〉〈0|+ |1〉〈1|), where |0〉 and |1〉 describe the center site and
Qˆη encodes the other sites. Within the respective eigenspace, ρˆη is analogous to an infinite-temperature state with a
chemical potential, ρˆη = e
µNˆ Pˆη/Z, where µ := ln(γ+/γ−), and Z := Tr
[
(γ+/γ−)Nˆ Pˆη
]
is the grand-canonical partition
function. Below we calculate this function, followed by closed-form expressions for the single-particle correlations. We
also compute the relative entropy of coherence [S3], a measure that has been put forward to quantify useful coherence
in a quantum state, complementary to measures of entanglement.
A. Partition function
Here we calculate the partition function Z := Tr[(γ+/γ−)Nˆ Pˆη], which will be useful in obtaining the single-particle
correlations. First, recall that Pˆη projects onto the eigenspace of Cˆ
2 with eigenvalue (η+1/2)2, spanned by eigenstates
|{νk,±}, n0〉 in Eq. (S15) which satisfy ν + n0 − 1/2 = ±(η + 1/2), where ν :=
∑
k νk,+− νk,−. The partition function
counts these states weighted by a factor (γ+/γ−)N , where N is the total particle number, N = n0 +
∑
k νk,+ + νk,−.
Since Pˆη is of the form Pˆη = Qˆη ⊗ (|0〉〈0|+ |1〉〈1|), it suffices to count only those states where the center site is empty.
We call this count Z0. Then the full partition function is given by Z = (1 + γ+/γ−)Z0. To find Z0, we add up states
that have ν = η + 1 or ν = −η. All of these states are composed of Bell pairs with occupation νk,± ∈ {0, 1} at
positions k = 1, . . . , l. To count all possibilities, we represent the Bell pairs by a polynomial xνk,+−νk,− yνk,++νk,−
with y := γ+/γ−, such that the powers of x and y measure the contribution toward ν and N , respectively. Then the
whole chain is described by the polynomial
G(x, y) =
l∏
k=1
1∑
νk,±=0
xνk,+−νk,− yνk,++νk,− =
[
1 + y
(
x+
1
x
)
+ y2
]l
, (S23)
5whose expansion in x plays the role of a generating function for the total charge ν =
∑
k νk,+− νk,−. The function
Z0(y) is obtained by adding the coefficients of xη+1 and x−η in this expansion, which can be found in closed form.
Rescaling by 1+ y yields the full partition function
Z = (1 + y)yl
[
C(−l)l+η+1(z) + C(−l)l−η (z)
]
, where z := −1
2
(
y +
1
y
)
, (S24)
and C(α)n (z) are the Gegenbauer polynomials. For the particle-hole symmetric case γ+ = γ−, Z simply reduces to the
degeneracy of the eigenspace, Z(y → 1) = Tr(Pˆη) = 2
(
2l+1
l−η
)
. In the limit y → 0, Z vanishes as Z ≈ ( lη)yη.
B. Single-particle density matrix
Here we find closed-form expressions for the single-particle density matrix 〈bˆ†i bˆj〉 for the steady states ρˆη in Eq. (S22).
As we argued in Sec. SI C, only the diagonal and antidiagonal elements are allowed to be nonzero. Below we calculate
these elements in different symmetry sectors η as a function of the pump-to-loss ratio y := γ+/γ−.
1. Site occupations
We first focus on the occupations ni := 〈bˆ†i bˆi〉. Note that ρˆη has a product form ρˆη = ρˆ′η ⊗ ρˆ(0), where ρˆ(0) describes
the center site, ρˆ(0) = (γ+|1〉〈1|+ γ−|0〉〈0|)/(γ+ + γ−), and ρˆ′η is the reduced density matrix for the other sites. Thus,
we conclude the center has occupation
n0 = γ+/(γ+ + γ−) = y/(y + 1) . (S25)
To find ni 6=0, recall that Pˆη projects onto the eigenstates |{νk,±}, n0〉 with occupations nk = (νk,++νk,−)/2 [Eq. (S16)],
where the pair occupations νk,± at different sites contribute equally toward the eigenvalue. Thus, in the steady state
ρˆη, all site occupations ni6=0 are identical and can be related to the total particle number as ni6=0 = (〈Nˆ〉 − n0)/(2l).
One can obtain 〈Nˆ〉 from the partition function Z := Tr[(γ+/γ−)Nˆ Pˆη],
〈Nˆ〉 = Tr
[
NˆyNˆ Pˆη
]
Tr
[
yNˆ Pˆη
] = yZ dZdy . (S26)
Using the expression for Z in Eq. (S24) and properties of Gegenbauer polynomials, we find
ni 6=0 =
1
2
+
1
2
(
y − 1
y
)[C(1−l)l+η (z) + C(1−l)l−η−1(z)
C(−l)l+η+1(z) + C(−l)l−η (z)
]
, (S27)
where z := −1/2 (y+1/y), as before. Note the sites are half filled for equal pump and loss, y = 1, and their occupations
grow with the pump-to-loss ratio, as expected. Further, exchanging the pump and loss rates, y ↔ 1/y, exchanges
the particle and hole occupations, ni ↔ 1 − ni. As shown in Fig. S1(a), ni 6=0 grows monotonically from η/(2l) for
y → 0 to 1 − η/(2l) for y → ∞. The maximally entangled sector, η = l, is always half filled as it contains a single
particle-hole pair at all reflection-symmetric sites k and −k.
2. End-to-end correlation
Now we consider the end-to-end correlation 〈bˆ†l bˆ−l〉 which was discussed in the main text as an observable that can
distinguish the different steady states for all (nonzero) pump and loss rates. For a given eigenstate |{νk,±}, n0〉, it has
the expression 〈bˆ†l bˆ−l〉 = (−1)
∑
|i|<l ni(νl,+− νl,−)/2 [see Eq. (S18)]. To find the correlation in the steady state ρˆη, one
has to sum over all eigenstates that fall into either of four categories, which give the same eigenvalue (η + 1/2)2, (i)
n0 = 0, ν = η + 1, (ii) n0 = 0, ν = −η, (iii) n0 = 1, ν = η, and (iv) n0 = 1, ν = −(η + 1), where ν :=
∑
k νk,+− νk,−.
However, those in groups (ii) and (iii) [or (i) and (iv)] are related one-to-one by swapping the occupations νk,+↔ νk,−.
Hence, their contributions differ only by a factor of y due to one extra particle at the center for the latter group, so we
can write 〈bˆ†l bˆ−l〉 = (1 + y)〈bˆ†l bˆ−l〉0, where the subscript 0 denotes the sum over groups (i) and (ii) only. To evaluate
this sum, we follow the procedure in Sec. SII A and represent the Bell pairs by a polynomial xνk,+−νk,− (−y)νk,++νk,−
6FIG. S1. (a) Steady-state occupation at sites i 6= 0 in different symmetry sectors labeled by η as a function of the pump-to-
loss ratio γ+/γ− for l = 4. (b) End-to-end correlation in different sectors for widely varying pump-to-loss ratio for l = 12,
reproduced from Fig. 1(c) in the main article.
for 1 ≤ k < l, and by [(νl,+− νl,−)/2]xνl,+−νl,− yνl,++νl,− for k = l. These terms are designed so that the powers of
x and y keep track of the partial sums toward ν and N , respectively, and the other factors measure the correlation.
Then summing over all occupations {νk,±} yields the polynomial for the whole chain,
Gl(x, y) =
y
2
(
x− 1
x
)[
1− y
(
x+
1
x
)
+ y2
]l−1
. (S28)
We find 〈bˆ†l bˆ−l〉0 by adding the coefficients of xη+1 and x−η in the expansion of Gl(x, y) and dividing by the partition
function Z in Eq. (S24). Multiplying the result by 1 + y gives the full correlation
〈bˆ†l bˆ−l〉 =
(−1)η
2
[
C(1−l)l+η−1(z)− C(1−l)l+η+1(z) + C(1−l)l−η (z)− C(1−l)l−η−2(z)
C(−l)l+η+1(z) + C(−l)l−η (z)
]
, (S29)
with z := −1/2 (y + 1/y), as before. Note the correlation is unaffected by exchanging pump and loss rates, y ↔ 1/y.
For equal pump and loss, y = 1, it reduces to the simple expression
〈bˆ†l bˆ−l〉
∣∣
γ+=γ−
=
(−1)η
2
(
2η + 1
2l + 1
)
, (S30)
which shows the correlation magnitude grows uniformly with the sector label η, with 〈bˆ†l bˆ−l〉 = (−1)l/2 for η = l, the
maximally entangled sector. Similarly, in the limit y → 0 or y →∞, we find
〈bˆ†l bˆ−l〉
∣∣
γ±/γ∓→0 =
(−1)η
2
η
l
. (S31)
As shown in Fig. 1(c) of the main text, reproduced in Fig. S1(b), the correlation is relatively insensitive to y throughout
these regimes, but can perfectly distinguish the steady states ρˆη from one another.
3. Other antidiagonal correlations
In general, correlations of the form 〈bˆ†k bˆ−k〉 can be obtained by following the same line of reasoning as for k = l in
Sec. SII B 2. For an eigenstate |{νk,±}, n0〉, these are given by 〈bˆ†k bˆ−k〉 = (−1)
∑
|i|<k ni(νk,+− νk,−)/2 [see Eq. (S18)].
To sum over all states in a given eigenvalue sector, we represent the Bell pairs by polynomials xνi,+−νi,− (−y)νi,++νi,−
for 1 ≤ i < k, [(νk,+− νk,−)/2]xνk,+−νk,− yνk,++νk,− for i = k, and xνi,+−νi,− yνi,++νi,− for i > k. As in Sec. SII B 2,
the polynomials are designed to measure the contribution toward 〈bˆ†k bˆ−k〉 while keeping track of the eigenvalue and
particle number. Summing over all occupations {νi,±} gives the polynomial for the whole chain,
Gk(x, y) =
y
2
(
x− 1
x
)[
1− y
(
x+
1
x
)
+ y2
]k−1 [
1 + y
(
x+
1
x
)
+ y2
]l−k
. (S32)
7FIG. S2. Correlation between sites k and −k in different symmetry sectors η for l = 5, with (a) γ+/γ− = 1 and (b) γ+/γ− → 0.
We define T l,kν (y) as the coefficient of x
ν in the expansion of Gk(x, y). Then the steady-state correlation is given by
〈bˆ†k bˆ−k〉 =
1 + y
Z
[
T l,kη+1(y) + T
l,k
−η(y)
]
= y−l
[
T l,kη+1(y) + T
l,k
−η(y)
C(−l)l+η+1(z) + C(−l)l−η (z)
]
, (S33)
where we have substituted Z from Eq. (S24) with z := −1/2 (y + 1/y). Incorporating the y−l factor into Gk(x, y), it
can be shown that 〈bˆ†k bˆ−k〉 is purely a function of z, so exchanging pump and loss rates does not affect the correlation,
as we found in the last section. Equation (S33) simplifies for equal pump and loss rates, or y = 1. Then Z = 2( Ll−η)
and the coefficients T l,kν (1) have a closed form, T
l,k
ν (1) =
(
T¯ k−1,l−kν−1 − T¯ k−1,l−kν+1
)
/2, where
T¯ p,qν :=
(−1)
p
(
2q
p+q+ν
)
2F1(−2p, −ν − p− q; 1 + q − p− ν; −1) , ν ≤ q − p
(−1)q+ν( 2pp+q−ν) 2F1(−2q, ν − p− q; 1 + p− q + ν; −1) , ν > q − p , (S34)
with 2F1 denoting the ordinary hypergeometric function. Either expression in Eq. (S34) works for all ν provided one
evaluates limν′→ν T¯
p,q
ν′ . Similarly, for y → 0 or y →∞, we find
〈bˆ†k bˆ−k〉
∣∣
γ±/γ∓→0 =

(−1)k
2 2F1(η − l, 1− k; η − k + 1; −1)
(
l−k
η−k
)
/
(
l
η
)
, k ≤ η
(−1)η
2 2F1(k − l, 1− η; k − η + 1; −1)
(
k−1
η−1
)
/
(
l
η
)
, k > η .
(S35)
Figure S2 shows how the correlations vary in both regimes. Note the maximally entangled sector, with η = l, always
oscillates between ±1/2, and the end-to-end correlation grows steadily with η, as found in Sec. SII B 2.
C. Relative entropy of coherence
A growing number of studies in recent years have been devoted to developing a quantitative theory of coherence as
a resource [S4], following parallel developments in entanglement measures. In particular, a physically well motivated
coherence measure for a density operator ρˆ is the relative entropy of coherence [S3], defined as
Srel.ent. := S(ρˆ
diag)− S(ρˆ) , (S36)
where ρˆdiag is a diagonal matrix with the diagonal entries of ρˆ, and S is the von Neumann entropy, S(ρˆ) := −Tr(ρˆ log ρˆ).
Clearly, Crel.ent. measures coherence in a preferred basis, which is dictated by the experimental system. For our model
of a qubit array, a natural basis is given by the Fock states, {0, 1}⊗2l+1, which are the easiest to access experimentally.
Here we calculate the relative entropy in this basis for the steady states ρˆη in the particle-hole symmetric case, γ+ = γ−,
finding similar variation as the logarithmic entanglement negativity discussed in the main text.
Recall that, for γ+ = γ−, ρˆη = Pˆη/Z, where Pˆη is the projector onto the symmetry sector and Z = Tr(Pˆη) = 2
(
2l+1
l−η
)
[see Eq. (S22)]. Since Pˆη is equivalent to an infinite-temperature state within the sector, the von Neumann entropy is
simply given by the dimension Z, S(ρˆη) = lnZ. Further, the diagonal elements of ρˆη all have the factor 1/Z, which
8FIG. S3. (a) Rescaled density matrix representing Qˆη in the basis of Fock states for l = 3, η = 1. The blocks comprise states
with a given number of Bell pairs. (b) Relative entropy of coherence in different symmetry sectors η for varying system size l.
add up to lnZ in S(ρˆdiagη ), so we find Srel.ent = S(Pˆ diagη )/Z. To evaluate this entropy, we recall that Pˆη has the form
Pˆη = Qˆη ⊗ (|0〉〈0|+ |1〉〈1|), where |0〉 and |1〉 describe the center site. Thus, S(Pˆ diagη ) = 2S(Qˆdiagη ), and
Srel.ent. = S(Qˆ
diag
η )/
(
2l + 1
l− η
)
. (S37)
The reduced density operator Qˆη projects onto the eigenstates |{νk,±}, n0 = 0〉 given in Eq. (S15), where νk,± ∈ {0, 1}
give the occupation of particle-hole pairs with charge ±1 at sites k and −k. These Bell pairs are created by operators
aˆ†k,± = (fˆ
†
k ± fˆ†−k)/
√
2 [Eq. (S14)]. It follows that Qˆη is block diagonal in the Fock states, where each block corresponds
to a given distribution of the Bell pairs, as shown in Fig. S3(a). To understand this structure, consider an eigenstate
with a given total charge ν :=
∑l
k=1 νk,+− νk,−. Suppose there are ν + 2m singly-occupied positions k ∈ K, which
contain m negatively charged pairs and ν +m positively charged pairs. All other positions are either empty or have
both positive and negative charges. Such a state contributes a weight 1/2ν+2m to all Fock states that have a particle
at either k or −k for k ∈ K, and definite occupations at other sites. There are 2ν+2m such Fock states which form a
block. Exchanging the locations of a positive charge and a negative charge within K contributes to the same block.
Hence, the total weight of every Fock state within this block is
(
ν+2m
m
)
/2ν+2m, yielding the block entropy
Sdiagν,m = −
(
ν + 2m
m
)
log
[(
ν + 2m
m
)
1
2ν+2m
]
. (S38)
There are 2l−ν−2m such blocks for a given K, corresponding to empty or doubly-occupied states for positions k /∈ K.
Further, choosing a different set K′ of the same size gives the same entropy, for which there are ( lν+2m) possibilities.
Thus, we obtain the net relative entropy from eigenstates with a given ν ≥ 0,
Sdiagν = −
(l−ν)/2∑
m=0
2l−ν−2m
(
l
ν + 2m
)(
ν + 2m
m
)
log
[(
ν + 2m
m
)
1
2ν+2m
]
. (S39)
For ν < 0, the role of positive and negative charges are reversed and one finds the same relative entropy, Sdiag−ν =S
diag
ν .
The operator Qˆη in Eq. (S37) projects onto the span of eigenstates with ν = η + 1 or ν = −η, both of which give the
same eigenvalue (η + 1/2)2 of the symmetry operator Cˆ2. Thus, S(Qˆdiagη ) = S
diag
η+1 + S
diag
η . Substituting in Eq. (S37)
and rewriting dummy variables, we find the final expression
Srel.ent. =
(
2l + 1
l − η
)−1 l∑
m=η
2l−m
(
l
m
)(
m⌊
m−η
2
⌋) log[2m/( m⌊m−η
2
⌋)] , (S40)
where bxc is the floor function, as before. For the maximally entangled sector, η = l, the above expression reduces to
Srel.ent. = l log 2. As shown in Fig. S3(b), with log base 2, the relative entropy grows monotonically with η, similar to
the logarithmic negativity plotted in Fig. 2 of the main text.
SIII. PREPARATION PROTOCOL
As described in the main article, the steady states in different symmetry sectors can be selectively prepared if one
can engineer loss of the JW fermions from the center site. First, one uses only the JW fermion loss to drive the system
9from a symmetric Fock state to a pure state with Bell pairs in a given sector η. Second, one switches from the fermion
loss to the boson pump and loss, driving the system to the steady state ρˆη in Eq. (S22). In this section we derive the
mapping between symmetric Fock states and the sector index η. We also analyze the timescales for preparation and
extract optimal parameters for experiments.
A. Mapping Fock states to symmetry sectors
As explained in the main text, the first stage of the protocol is based on the observation that every symmetry sector
η contains (pure) states of the form [see Eq. (S15)]
|{ki}〉 := aˆ†k1,−aˆ
†
k2,− . . . aˆ
†
kη,−|0〉 (S41)
that are solely composed of odd modes of the JW fermions with total occupation η. Since these modes are unaffected
by JW fermion loss at the center, any initial state with a definite odd-mode occupation Nodd will be driven toward
the symmetry sector with η = Nodd. Below we show this is exemplified by symmetric Fock states.
First, the single-particle eigenmodes, Fˆβ , of the Hamiltonian in Eq. (S3) can be found by requiring [Hˆ, Fˆβ ] = εβFˆβ ,
which gives l odd modes and l + 1 even modes of the JW fermions. The odd modes are given by
Fˆβ =
√
2
l + 1
l∑
k=1
sin
(
piβk
l + 1
)
aˆk,− , β ∈ {1, . . . , l} , (S42)
with εβ = 2 cos[piβ/(l + 1)]. Clearly, the states |{ki}〉 in Eq. (S41) are obtained by filling these modes with a total of
η JW fermions and taking a linear combination. Now consider a symmetric Fock state of the bosons,
|{nk}〉 :=
(
bˆ†0
)n0 l∏
k=1
(
bˆ†k bˆ
†
−k
)nk |0〉 , (S43)
where nk ∈ {0, 1}. Using the transformation in Eq. (S2), one finds such a state is also a Fock state of the JW fermions
with the same site occupations, |{nk}〉 = ±
(
fˆ†0
)n0∏l
k=1
(
fˆ†k fˆ
†
−k
)nk |0〉. Further, one can write the fermions in terms of
the operators aˆk,± defined in Eq. (S14), yielding the substitution fˆ
†
k fˆ
†
−k = aˆ
†
k,−aˆ
†
k,+. Since fˆ0 and aˆk,± are separate
fermionic modes, using Eq. (S42) we find the odd-mode occupations
〈Fˆ †β Fˆβ〉 =
2
l + 1
l∑
k=1
sin2
(
piβk
l + 1
)
nk . (S44)
Summing over β yields the total occupation Nodd =
∑l
β=1〈Fˆ †β Fˆβ〉 =
∑l
k=1 nk. Thus, a symmetric Fock state of the
form in Eq. (S43) will be driven toward the sector with η =
∑
k nk.
B. Timescales and optimal parameters
In experiments, the observation timescales are limited by the presence of residual dissipation, on-site disorder, or
other unwanted energy scales. Here we estimate the time required for implementing both stages of our preparation
protocol, and extract optimal parameters which give the fastest preparation time.
We first briefly review how the dynamics converge in the presence of a general (Markovian) dissipation. As described
in the main text, the dynamics are governed by a master equation for the density operator ρˆ,
dρˆ
dt
= Lρˆ := − i
~
[Hˆ, ρˆ] +
∑
α
LˆαρˆLˆ
†
α −
1
2
{Lˆ†αLˆα, ρˆ} , (S45)
where the jump operators Lˆα model the dissipation, and the Liouvillian L defines a completely positive trace-preserving
linear map the set of density operators. If D is the dimension of the Hilbert space, L can be represented by a D2 ×D2
matrix that acts on the D2 elements of ρˆ. Then the solution to Eq. (S45) is given by |ρ(t)〉〉 = ∑r eΛrt|vr〉〉〈〈ur|ρ(0)〉〉,
where Λr are the eigenvalues of L, 〈〈ur| and |vr〉〉 are the corresponding left and right eigenvectors, and |ρ(t)〉〉 is the
vector obtained by flattening the density matrix. The eigenvalues have nonpositive real parts which give decay rates
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FIG. S4. (a) Maximum spectral gap ∆maxF and the associated optimal loss rate of JW fermions, γ
opt
F , in the first stage of the
protocol as a function of the number of sites, L = 2l + 1. (b) Maximum spectral gap ∆maxη and optimal pump/loss rate of
bosons, γoptη , in the second stage of the protocol for η = l − 1 and γ+ = γ− := γ, as a function of L.
of the associated eigenvectors [S5]. Accordingly, the dynamics converge on a timescale set by the eigenvalue with the
smallest nonzero decay rate, called the spectral gap, ∆ := minr |Re Λr| > 0.
As explained in Sec. SIII A, the first stage of our protocol uses JW fermion loss at the center site to drive the
system to a given symmetry sector. Such a process is modeled by a single jump operator LˆF :=
√
γF fˆ0, where γF
is the loss rate. The dissipation does not affect odd fermionic modes, which evolve unitarily with purely imaginary
eigenvalues Λr. The desired symmetry sector is reached when all the even modes decay to zero. This decay rate
can be estimated from the spectral gap ∆F of the Liouvillian projected onto the set of even modes, irrespective of
the symmetry sector. In fact, as L is quadratic in the JW fermions [see Eqs. (S3) and (S45)], ∆F can be found by
diagonalizing a 4L× 4L matrix using the free-fermion method of Ref. [S6], where L is the number of sites, L = 2l+ 1.
We find ∆F vanishes for both γF → 0 and γF →∞, the latter because of the quantum Zeno effect [S7]. It reaches a
peak ∆maxF at an intermediate loss rate γ
opt
F . Figure S4(a) shows how the maximum decay rate and the optimal loss
rate vary with L. Numerically, they fall off at large L as ∆maxF ∼ 1/L2 and γoptF ∼ 1/L. However, for L ≤ 11, as in a
recent experiment [S8], ∆maxF > 0.1J/~, or the convergence time τF = 1/∆F < 10~/J . This estimate agrees with the
time evolution in Fig. 3 of the main text, and is more than an order-of-magnitude faster than both residual dephasing
or on-site disorder in Ref. [S8]. Thus, by adjusting the loss rate γF ∼ J/~, one can reliably prepare all symmetry
sectors.
The second stage of our protocol uses boson pump and loss at the center site to arrive at the steady state ρˆη within
a symmetry sector. This process is modeled by two jump operators, Lˆ1,2 :=
√
γ± bˆ
(†)
0 , where γ± are the pump and
loss rates, as discussed before. The dynamics are decoupled into the separate symmetry sectors η, and every sector
has a unique steady state ρˆη with Λr = 0, with no other purely imaginary eigenvalues. Unlike in the first stage,
the spectral gap ∆η now depends on the sector. In particular, for the maximally entangled sector, η = l, we find
∆l = (γ+ + γ−)/2. This is because it is spanned by two maximally entangled eigenstates of the Hamiltonian, that
are exchanged by the pump and loss. Thus, one can make the convergence arbitrarily fast (or slow) by tuning the
pump and loss rates. As η is decreased, the steady state ρˆη becomes less entangled, and the sector dimension grows
as
(
L
l−η
)
, making ∆η less numerically tractable for large L. Figure S4(b) shows how the maximum spectral gap ∆
max
η
and the optimal rate γoptη vary with L for η = l− 1 in the particle-hole symmetric case, γ+ = γ− := γ. In general, we
find ∆maxη falls off as L is increased or η is decreased. However, ∆
max
η & 0.1J/~ for L ≤ 11, so the dynamics converge
in a few tens of tunneling time with γ ∼ J/~, as in the first stage with JW fermion loss.
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